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Abstract We consider dislocations in the framework of Eringen's nonlocal elas- 
ticity. The fundamental field equations of nonlocal elasticity are pre- 
sented. Using these equations, the nonlocal force stresses of a straight 
screw and a straight edge dislocation are given. By the help of these 
nonlocal stresses, we are able to calculate the interaction forces be- 
tween dislocations (Peach-Koehler forces). All classical singularities of 
the Peach-Koehler forces are eliminated. The extremum values of the 
forces are found near the dislocation line. 
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1. INTRODUCTION 

Traditional methods of classical elasticity break down at small dis- 
tances from crystal defects and lead to singularities. This is unfortunate 
since the defect core is a very important region in the theory of defects. 
Moreover, such singularities are unphysical and an improved model of 
defects should eliminate them. In addition, classical elasticity is a scale- 
free continuum theory in which no characteristic length appears. Thus, 
classical elasticity cannot explain the phenomena near defects and at the 
atomic scale. 

In recent decades, a theory of elastic continuum called nonlocal elas- 
ticity has been developed. The concept of nonlocal elasticity was origi- 
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nally proposed by Kroner and Datta [1, 2], Edelen and Eringen [3, 4, 5], 
Kunin [6] and some others. This theory considers the inner structures 
of materials and takes into account long-range (nonlocal) interactions. 

It is important to note that the nonlocal elasticity may be related 
to other nonstandard continuum theories like gradient theory [7, 8] and 
gauge theory of defects [9, 10, 11]. In all these approaches characteristic 
inner lengths (gradient coefficient or nonlocality parameter), which de- 
scribe size (or scale) effects, appear. One remarkable feature of solutions 
in nonlocal elasticity, gradient theory and gauge theory is that the stress 
singularities which appear in classical elasticity are eliminated. These 
solutions depend on the characteristic inner length, and they lead to 
finite stresses. Therefore, they are applicable up to the atomic scale. 

In this paper, wc investigate the nonlocal force due to dislocations 
(nonlocal Peach-Koehler force). We consider parallel screw and edge 
dislocations. The classical singularity of Peach-Koehler force is elimi- 
nated and a maximum/minimum is obtained. 



2. FUNDAMENTAL FIELD EQUATIONS 



The fundamental field equations for an isotropic, homogeneous, non- 
local and infinite extended medium with vanishing body force and static 
case have been given by the nonlocal theory [3, 4, 5] 



where fi, v are shear modulus and Poisson's ration, respectively. In 
addition, e^j is the classical strain tensor, Uij and Uij are the classical 
and nonlocal stress tensors, respectively. The a(r) is a nonlocal kernel. 
The field equation in nonlocal elasticity of the stress in an isotropic 
medium is the following inhomogeneous Helmholtz equation 



where cTjj is the stress tensor obtained for the same traction boundary- 
value problem within the "classical" theory of dislocations. The factor 
has the physical dimension of a length and it, therefore, defines 
an internal characteristic length. If we consider the two-dimensional 
problem and using Green's function of the two-dimensional Helmholtz 
equation (2), we may solve the field equation for every component of 



djdij = 




(1) 




(2) 
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the stress field (2) by the help of the convolution integral and the two- 
dimensional Green function 

a(r - r') = ^ Ko {kV (x - x'f + {y - y'r) ■ (3) 

Here Kn is the modified Bessel function of the second kind and n = 
0, 1, . . . denotes the order of this function. Thus, 

(l-K-^A^a{r) = S{r), (4) 

where 5{r) := 6{x)6{y) is the two-dimensional Dirac delta function. In 
this way, we deduce Eringen's so-called nonlocal constitutive relation for 
a linear homogeneous, isotropic solid with Green's function (3) as the 
nonlocal kernel. This kernel (3) has its maximum at r = r' and describes 
the nonlocal interaction. Its two-dimensional volume-integral yields 

f a{r - r') dv{r') = 1, (5) 
Jv 

which is the normalization condition of the nonlocal kernel. In the clas- 
sical limit {k~^ —>■ 0), it becomes the Dirac delta function 

lim a(r — r') = 6{r — r'). (6) 

In this limit, Eq. (1) gives the classical expressions. Note that Eringcn [4. 
5] found the two-dimensional kernel (3) by giving the best match with the 
Born-Karman model of the atomic lattice dynamics and the atomistic 
dispersion curves. He used the choice eo = 0.39 for the length, k"^ = 
Co a, where a is an internal length (e.g. atomic lattice parameter) and 
Co is a material constant. 

3. NONLOCAL STRESS FIELDS OF 
DISLOCATIONS 

Let us first review the nonlocal stress fields of screw and edge disloca- 
tions in an infinitely extended body. The dislocation lines are along the 
z-axis. The nonlocal stress components of a straight screw dislocation 
with the Burgers vector b = (0, 0, bz) is given by [4, 5, 7, 10] 

a^z = -^^{l-i^rKi{Kr)Y a^,, = ^ ^{l - /iriCi(«;r)} , (7) 
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where r = -^f x"^ + y"^. The nonlocal stress of a straight edge dislocation 
with the Burgers vector b = (6a;, 0,0) turns out to be [7, 11] 





-2(y2_3a;2)^2M 





It is obvious that there is no singularity in (7) and (8). For example, 
when r tends to zero, the stresses aij 0. It also can be found that the 
far-field expression (r > 12k,^^) of Eqs. (7) and (8) return to the stresses 
in classical elasticity. Of course, the stress fields (7) and (8) fulfill Eq. (2) 
and correspond to the nonlocal kernel (3). 



4. PEACH-KOEHLER FORCES DUE TO 
DISLOCATIONS 



The force between dislocations, according to Peach-Koehler formula 
in nonlocal elasticity [12], is given by 



where h'^ is the component of Burgers vector of the 2nd dislocation at the 
position r and is the direction of the dislocation. Obviously, Eq. (9) is 
quite similar in the form as the classical expression of the Peach-Koehler 
force. Only the classical stress is replaced by the nonlocal one. Eq. (9) 
is particularly important for the interaction between dislocations. 



4.1. PARALLEL SCREW DISLOCATIONS 



We begin our considerations with the simple case of two parallel screw 
dislocations. For a screw dislocation with = 1 we have in Cartesian 



(9) 
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Figure 1.1. The Poach-Kochlcr force between screw dislocations is given in units of 
fj,KbzK/[2'K]. Nonlocal elasticity (solid) and classical elasticity (dashed). 



coordinates 



F, = -a,,h', = ^ ^{l - nvK.iKT)], (10) 
and in cylindrical coordinates 

Fr = Fx cos tp + FySmip = { ~ i^rKi (/cr ) | , 

F^p = Fy cos if — Fx sm.ip = {). (11) 

Thus, the force between two screw dislocations is also a radial force in the 
nonlocal case. The force expression (11) has some interesting features. 
A maximum of Fj. can be found from Eq. (11) as 

|-P;|max^ 0.399Ac^^^, at r~1.114K-^ (12) 

When the nonlocal atomistic effect is neglected, 0, Eq. (11) gives 

the classical result 

Fr - (13) 

To compare the classical force with the nonlocal one, the graphs from 
Eqs. (11) and (13) are plotted in Fig. 1.1. It can be seen that near the 
dislocation line the nonlocal result is quite different from the classical 
one. Unlike the classical expression, which diverges as r ^ and gives 
an infinite force, it is zero at r = 0. For r > 6k~^ the classical and the 
nonlocal expressions coincide. 
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4.2. PARALLEL EDGE DISLOCATIONS 

We analyze now the force between two parallel edge dislocations with 
(anti)parallel Burgers vector. For an edge dislocation with ^2 = 1 with 
Burgers vector 6^ we have in Cartesian coordinates 



(14) 



- 2y^KrKi{Kr) - 2{y'^ - 3x^)K2{Kr) 

Fx is the driving force for conservative motion (gliding) and Fy is the 
climb force. The glide force has a maximum/minimum in the slip plane 
(za:;-plane) of 

|F^(ar,0)| ~ 0.260k-4^^^, at \x\^1AMk~\ (15) 

2tt[1 — u) 

The maximum/minimum of the climb force is found as 

|F„(0,y)| ~0.546«;-4t^^, at |y| ~ 0.996k~^ (16) 
27r(l — v) 

It can be seen that the maximum of the climb force is greater than the 
maximum of the glide force (see Fig. 1.2). The glide force Fx is zero at 
X = (99 = ^vr). This corresponds to one equilibrium configuration of 
the two edge dislocations. In classical elasticity the glide force is also 
zero at the position x = y {if = ^vr). But in nonlocal elasticity we obtain 
from Eq. (14) the following expression for the glide force 



Its maximum is 



\Fx{ip = 7r/4)U3^ ~ 0.151AC f^^""^. , at r ~ 0.788^-^ (18) 

47r(i — v) 

The Fxiif = 7r/4) gives only a valuable contribution in the region r ^ 
12k~^. Therefore, only for r > 12k^^ the position ip = jTt is an equilib- 
rium configuration. The climb force Fy is zero at y = 0. 
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Figure 1.2. The glide and climb force components near the dislocation line: (a) 
Fx{x, 0) and (b) Fy{Q, y) are given in units of /i6a;&^K/[27r(l — v)]. The dashed curves 
represent the classical force components. 



Prom Eq. (14) the force can be given in cylindrical coordinates as 



27r(l 



27r(l - v) 



— cos 2(/7 

sin 2^9 , ^ 



KrK\{nT) — 2K2{Kr] 



1^2^.2 



+ 2K2iKr) 



(19) 



The force between edge dislocations is not a central force because a 
tangential component exists. Both the components Fr and F^ depend 
on r and if. The dependence of (p in Fr is a new feature of the nonlocal 
result (19) not present in the classical elasticity. Unlike the "classical" 
case, the force Fr is only zero at r = and F^^ is zero at r = and 
if = 0, ^TT, TT, Itt, 27r. The force Fr in (19) has an interesting dependence 
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of the angle In detail, we obtain 

(i)<^ = 0,7r: Fr = -^^!^^-\l-^+2K2iKr)}, (20) 



2n{l — r \ K^r^ 

Ifilmax^ 0.260 /.y^^. , at r^l.494K-i, 
27r(l — u) 

i^r max ^ 0.399 /^f-^, at r~1.114«;-i, 
27r(l — v) 

(iii) ^ = -— : Fr = TTTT^^-i 1 + - 2AcrKi(Acr) - 2ii:2(Acr) L 



2' 2 ■ 27r(l-z/)r\ «;2^2 

Ifilmax^ 0-547 /ff""^. , at r~ 0.996K-^ (22) 

On the other hand, F^p has a maximum at 99 = ;j7r, |7r and a minimum 
Ski (f = Itt, Itt. They are 



~ 0.260k-4?^^, at r~ 1.494K-^ (23) 
27r(l — u) 



The classical result for the force reads in cylindrical coordinates 

27r(l-z/)r' 27r(l-z/) r ' ^ ' 

To compare the nonlocal result with the classical one, diagrams of Eqs. (19) 
and (24) are drawn in Fig. 1.3. The force calculated in nonlocal elastic- 
ity is different from the classical one near the dislocation line at r = 0. 
It is finite and has no singularity in contrast to the classical result. For 
r > 12k~^ the classical and the nonlocal expressions coincide. 

5. CONCLUSION 

The nonlocal theory of elasticity has been used to calculate the Peach- 
Koehler force due to screw and edge dislocations in an infinitely extended 
body. The Peach-Koehler force calculated in classical elasticity is infi- 
nite near the dislocation core. The reason is that the classical elasticity 
is invalid in dealing with problems of micro-mechanics. The nonlocal 
elasticity gives expressions for the Peach-Koehler force which are physi- 
cally more reasonable. The forces due to dislocations have no singularity. 
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They are zero at r = and have maxima or minima in the dislocation 
core. The finite values of the force due to dislocations may be used to 
analyze the interaction of dislocations from the micro-mechanical point 
of view. 
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